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Abstract. Let H : {M,p) — + {M' ,p') be a formal mapping between two germs of real-analytic 
generic submanifolds in with nonvanishing Jacobian. Assuming M to be minimal at p and 
M' holomorphically nondegenerate at p' , we prove the convergence of the mapping H. As a con- 
sequence, we obtain a new convergence result for arbitrary formal maps between real-analytic 
hypersurfaces when the target does not contain any holomorphic curve. In the case when both 
M and M' are hypersurfaces, we also prove the convergence of the associated reflection function 
when M is assumed to be only minimal. This allows us to derive a new Artin type approximation 
theorem for formal maps of generic full rank. 



1. Introduction 

In this paper, we study some properties of formal mappings generically of full rank between 
^ ■ generic submanifolds in complex space. A formal holomorphic mapping H : (C^,p) — * {C^,p') 
with p,p' G is a power series mapping in z — p, which satisfy H{p) = p' . We say that H is 



^ ■ generically of full rank if JacH, the determinant of the Jacobian matrix of H, does not vanish 
identically (as a formal power series). We define in the usual way the notion of formal mapping 
between real-analytic generic submanifolds of (see Section [2]). 
O The main problem we were interested in lies in the convergence of formal mappings generically of 
^ full rank between real-analytic generic submanifolds. The first result of this type follows from the 
work of Chern and Moser [7j who proved that any formal biholomorphism between real-analytic 
I Levi-nondegenerate hypersurfaces is convergent. The concept of holomorphic nondegeneracy in- 
^ ' troduced by Stanton [T6] turns out to be a crucial condition in understanding the question. Recall 
■ that a generic submanifold M C C'^ is said to be holomorphically nondegenerate (at p) if there 
exists no non-trivial holomorphic vector field tangent to M (near p). The importance of this con- 
dition for mapping problems can be seen through the work of Baouendi, Ebenfelt and Rothschild. 
In the paper |2j, the holomorphic nondegeneracy condition is shown to be a necessary condition 
for the convergence of all formal equivalences between real-analytic generic submanifolds in C^. In 
the paper [5] , Baouendi, Mir and Rothschild show that this condition is sufficient to establish the 
convergence of finite mappings when the source manifold is furthermore assumed to be minimal 
in the sense of Tumanov (see [3] §1.5]). 
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In this paper, we extend this result to arbitrary formal mappings of generic full rank. 

Theorem 1.1. Let {M,p), {M',p') be two germs of real- analytic generic manifolds of codimension 
d in C""*''^. Assume that M is minimal at p and that M' is holomorphically nondegenerate at p' . 
Then any formal holomorphic mapping H : (C""'"'^,p) (C""*"'^, p') sending M into M' with 
Jacif^O is convergent. 

Our proof of Theorem 11.11 provides also a simpler proof of the analogous result of [5] in the 
invertible case. Let us also mention that Theorem 11.11 was proved earlier by Mir [15] in the special 
case where M' is a real-algebraic generic manifold. 

As a consequence of Theorem II. H we derive the following convergence result for arbitrary formal 
maps between real-analytic hypersurfaces. 

Theorem 1.2. Let {M,p), {M',p') be two germs of real- analytic hypersurfaces in C"'^"'^. Assume 
that M is minimal and holomorphically nondegenerate at p and that M' does not contain any 
holomorphic curve through p' . Then any formal holomorphic mapping sending {M,p) into {M',p') 
is convergent. 

Under the more restrictive condition that M is essentially finite at p, Theorem 11.21 was estab- 
lished by Baouendi, Ebenfelt and Rothschild in [4j. In the hypersurface case, we will in fact prove 
the convergence of the so-called reflection function (see [H]) when the source manifold is merely 
minimal (see Theorem 13.11) . This generalizes a result obtained in [Hj for formal biholomorphisms 
and, also allows us to derive the following new Artin type approximation theorem for formal maps 
of generic full rank. 

Theorem 1.3. Let {M,p), {M',p') be two germs of real- analytic hypersurfaces in C""*"^ and H : 
(C"'"'"^,p) — >■ (C"'"''"'^,^') be a formal holomorphic mapping sending M into M' . Assume that JacH^O 
and that M is minimal at p. Then for any positive integer k, there exists a germ of holomorphic 
map : (C"'"'""'^,^) {C'"'^'^,p') sending M into M' which agrees up to order k with H at p. 

Theorem 11.31 extends, in the hypersurface case, a similar result of [5] obtained for the more 
restrictive class of finite mappings. For a more detailed account on recent results on convergence 
and approximation of formal mappings between submanifolds in complex space, we refer the reader 
to the survey [12j. 

Our proof of Theorem 1.1 is in essence different from that of Baouendi, Mir and Rothschild for 
finite mappings [5]. Indeed, in this paper, thanks some mapping identities due to Juhlin [10], we 
are able to prove directly the convergence of the formal mapping H (and of its derivatives) along 
the iterated Segre sets, which strongly contrasts with the methods of [S]. For the hypersurface case, 
as mentioned earlier, we will prove the convergence of the reflection function for formal maps of 
generic full rank by combining some arguments of Mir [T3] and Juhlin [IQ]. The Artinian theorem 
(Theorem 11.31) follows directly thanks to a suitable application of Artin's approximation theorem 
[1] and an argument from [5j. 

The paper is organized as follows. In Section [21 we recall some basic facts on normal coordinates 
for generic submanifolds in and on formal mappings sending real-analytic generic submanifolds 
into each other. We also prove several preliminary results. Section [3] is devoted to the proof of 
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the convergence of tlie reflection function wlien tlie source manifold is a minimal hyper surf ace. 
Section H] contains the proofs of Theorem 11.11 and Theorem 11.21 To conclude the paper, we prove 
Theorem II. 3[ 

2. Preliminaries 

In this section, we first recall the basic definitions we need in this paper, then we establish a 
convergence lemma which will be used in the next sections. 

Let {M,p) and {M',p') be germs of real-analytic generic manifolds of codimension d in C""'"'^. 
Without loss of generality we may assume that p = p' = 0. It is well known (see for instance [31 
§4.2]) that there exist normal coordinates defining M and M' near 0. It means, in the case of M 
for example, that there exists Q G {C{z, x, and U, V two open neighborhoods of in C" and 
respectively such that Q is convergent on U x U x V and 

M n{U xV) = {{z,w) eU xV,w = Q{z, z, w)}. 

Moreover, the mapping Q satisfies 

(2.1) Q{0,x,r) = Q{z,0,r)=T 

and, since M is a real submanifold, we have the following mapping identity 

(2.2) Qiz,x,Qix,z,r)) = T. 

Let us recall that M is said to be minimal at p if there is no germ of a real submanifold S d M 
through p such that the complex tangent space of M at g is tangent to S at every q & S and 
dim]R S < dimjg M. 

We denote by AA the complexification of M which is the complex submanifold of C^*^""'"'*-' given 

by 

(2.3) {(^, Q {z, X, r) , X, r) , (z, x, r) eU} d C"+^ x C"+^. 

We define in a similar way Q\z\ x', r') and M.' for M' . We write the Taylor expansion 

(2.4) g'(.',x',r')= 5^g'Jx',r')/'^. 

Let i/ : (C" X C^, 0) (C^ x C^, 0) be a formal holomorphic mapping. We write H(z,w) = 
{F{z, w), G{z, w)) where F and G are respectively with values in C" and C^. 
We say that H sends M into M' if the following identity holds at the formal power series level: 

(2.5) g'(F(z, Q(z, X, r)), H{x, r)) = Giz, Q{z, x, r)). 

We will need the notion of generic rank of a formal mapping h G (C[[x]])'', x = (xi, . . . ,Xr)- It 
is the rank of the Jacobian matrix |^ as a matrix with coefficients in the quotient field of C[[x]]. If 
h is convergent, it coincides with the classical generic rank of a convergent power series mapping. 

From now on, we assume that M and M' are two real-analytic generic manifolds in C""*""^ given 
in normal coordinates as above. We also assume in what follows that H = {F, G) is a formal 
mapping sending M into M' such that Jacif^O. 
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We recall a well known fact coming from elementary linear algebra and fl2.5p . 
Lemma 2.1. In the above situation, the condition Jacif^O implies 



(2.6) 



det^(F(^,Q(z,X,r)))#0. 



We need the following lemma which can be found in [TO] and whose proof is mainly based on a 
suitable differentiation of the identity (12.51) . 

Lemma 2.2. [10, Proposition 5.2] In the above situation, there exist rjQ G N" and 6o G N'^ such 
that, forpo = \r]o\ + \5o\ 

(2.7) 



dz'i'dT^' 



det|- {F{z, Q{z, X, r))) = 0, for W\ + \6'\< po, 

r=0 



f2.8) 



^l»?ol + l'5ol 



dz^odr^o 



det|-(F(z,Q(z,x,r)))#0 
^=0 oz 

T = 



and, for all a E N"" , P & N'^ , such that \a\ + \P\ > there exist universal polynomials of their 
arguments Ra,p,-qo,&o such that, for any r G {1, . . . ,d}. 



(2.9) 



dW\ 



R. 



Q\ri\ + \S\ 



dzidT 



2 = 

r=0 



H(^\z,Q{z,x,r)) 



\ri\ + \5\<{\a\ + \f3\){P0+l) , 



T=0 



,^,det£ {F{z,Q{z,x,r))) 

T=0 



2{|"l + |/3|)-l 



where Q'^ is the r-th component of Q'^, and H^^\z,w) = {F(z,w),G^{z,w)) with being the 
r-th component of G. 

Lemma 12.21 is useful to show the following convergence lemma. 

, o| -)/ 1 -|- 1 /3 1 

Lemma 2.3. In the above situation, for all j3 G N , a,7 G N", Q^iQri^ 
vergent. 



r=0 



Q'a{H{x,T)) IS con- 



Proof. We fix 7 G N". For \a\ = = 0, by setting 2; = 0, r = in equation (12. 5p . we obtain, 
thanks to (12.11) . Q'{0, H{x,0)) = G(0). From the taylor expansion of Q' given by (12.41) . we get 
that (5'o(-^(x, 0)) is constant. 



For |a| + \P\ > 0, we will show that each component of |- 



gent. For this, we apply to the expression (12. 9p of 



r=0 



Q'a{H{x,r)) is conver- 



r=0 



Q"'^{II {xi 't)) and we obtain that 



d\i\+m 

denominator are polynomials in the derivatives of Q which converge and in the derivatives of H at 



T=0 



Q'^^{H{x, t)) is a ratio of two formal power series. In this ratio, the numerator and the 
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the point (0, (5(0, x, 0)) = 0. So Q'1^{H{x,t)) is a ratio of two convergent power series 

ai7i+i/3i 



r=0 

Q')^(i/(x, t)) is a formal power 



whose denominator does not vanish identically. Since g^-yg^i3 
series, it is convergent. □ 

3. Convergence of the reflection function in the hypersurface case 

In this section, we establish a convergence result for the so-called reflection function of a mapping 
between minimal real-analytic hypersurfaces whose Jacobian is not identically zero. We keep the 
notation of Section [2] with d = 1 and still use normal coordinates. 

Let TZ be the formal holomorphic mapping called reflection function ([9], [H]) and defined by 

(3.1) niz',x,T):=Q'{z',H{x,T)), 

where {z, r) G C" x C" x C. The aim of this section is to establish the following result: 

Theorem 3.1. Let M, M' be two real- analytic hypersurfaces in C""*"^ through and H : (C" x 
C, 0) — » (C" X C, 0) be a formal holomorphic mapping sending M into M' with Jacif^O. If M is 
minimal at then the associated reflection function TZ given by (13.1 p is a convergent power series. 

To do this, we follow the different steps of [H]. First, we establish the following result. 

Proposition 3.2. Let M, M' be two real-analytic hypersurfaces in C"'~^'^ through and H : 
(C" X C, 0) (C" X C, 0) be a formal holomorphic mapping sending M into M' . // Jacif^O, then 
for any 7 G N" and /3 G N, the formal holomorphic map 

(/, X, r) G (C" X C" X C, 0) -— — 7^(/, x, r) 



is convergent in a neighborhood of 0. 



T=0 



To prove this proposition, we will use the following convergence lemma whose proof can be 
found in 



Lemma 3.3. [TU Lemma 4.1] Let {ui{t))i^i be a family of convergent power series in C{t}, 
t = (ti, . . . ,tq) , q G N*. Let also (/Cj(C))iG/ be a family of convergent power series in C{(}, 
( = (Ci, . . . , Cr); r G N*. Assume that 

(1) There exists R> such that the radius of convergence of any JCi, i & I , is at least R. 

(2) For all C G C with |C| < R, |/Ci(C)| < Ci with Q > 

(3) There exists V{t) G {€[[t]]Y , 1/(0) = 0, such that Id o V{t) = Ui{t) for all i G /. 

Then, there exists R' > such that the radius of convergence of any Ui, i E I , is at least R' and 
such that for all t G C'^ with \t\ < R' , \ui{t)\ < Ci. 

Proof of Proposition \'d. 2i First we will give a proof in the case /5 = I7I = 0. In order to show that 
TZ{z', X, 0) is convergent, we recall that 



(3.2) 



7^(^', X, 0) = Q\z', H{x, 0)) = J2 Q'o.iH{x, 0))z'". 
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So, as in the proof of Proposition 5.1 of [lAl, we see it suffices to find positive constants r and Rq 
such that the radius of convergence of the familly {Q'^{H{xy 0)))q- is at least r and for any x with 
norm smaller than r and any a G N" we have 



(3.3) |Q'J^(x,0))|<<l+\ 

This is possible using the following property which comes from the holomorphy of Q': there exist 
ri and R positive constants such that, for any a,fi & N"", G N and for any (x'j t') € C""*"^ with 
Kx';''"')! < ''^1 have 



(3.4) 



where (/z, z/) is the concatenation of ^ and u. 

Thus, we can apply Lemma [313] to prove (13.31) . Indeed, 

- For any a G N"',Q'^ ix'^^') is convergent with radius of convergent at least ri, 

- by taking z/ = = in (13. 4p . we have that for any (x', r') G C"^"^, with |(x')T')I < ''^i) 
\Q'^{x',r')\<R\-\+\ 

- Q' ^{H{x,^)) is convergent thanks to Lemma [2731 

Therefore, the proof in the case /? = I7I = is complete since (13. 3p holds with Rq = R. 

Now, we use the same method to prove the proposition in the general case. We fix 7 G N" and 
/5 G N with /3 + I7I > 0. If we write the Taylor expansion of TZ'm.z\ 



(3.5) 

we have 
(3.6) 



dz'^dx^drP 



(^',X,1") 



Qh\+0 



So, to prove the convergence of g^-yg^p 
by 



T = 



dx^dr^^ V 9z'- 
71{z',x,t), it suffices to prove that the family defined 



(3.7) 



fiH+hl+P-j? f)h\+l3 



dz"'dx^dT^ 



dx^drP 



Q'a{H{x,r)) 



r=0 



satisfy the following condition: one may find r^j.^ > and Rjs^-y > such that the radius of 
convergence of the familly ip^'"^ is at least r^^^ and such that for any a G N" and any x G C" with 
Ixl < ^i3,jj have the following estimate 

(3.8) l€'^(x)l<«<r- 

Let's prove (13.81) using Lemma [3731 We fix a G N". First, it comes from (13.71) and Lemma [2.31 that 
ipa'^ix) is convergent. Then, for any multiindex /i G N", z/ G N with < I7I, u < (3 there exists 
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a universal polynomial such that 

L<l'5|<|7l 
l<'?</9 




We define a convergent power series mapping of the variables ( {■^5,ri)i<\s\<\-y\ > x'? t' ) G C^''-^ xC"+^ 

with Np^ = {n + l)Card{(5,r/) G N" x N, 1 < < I71, 1 < r/ < as follows 
(3.10) 



, ^ dx^dr'i Ji<\s\<h\j dx^dr'' 

M<\'y\ \ i<?)</3 / 

From this and using (13.41) . we observe that there exists a constant Rp^-y such that, for (A5,^)i<|5|<|^| 

l<'?</3 

with norm smaller than 1 in C^'^'T and (%', t') with norm smaller than r in C""^'^, we have, for any 



(3.11) 

So, using the fact that 



ha'' ( (A5,^)i<|5|<|^| 
l<'?</3 



^ 1 dI<^I+i 



l<r?</3 

and Lemma [3.31 we obtain the estimates (13.81) . Thus the proof of Proposition 13.21 is complete. □ 

We now need the two following lemma and proposition. The proof of the lemma, which is a 
consequence of Artin's approximation theorem [1], can be found in ^14j. The proposition is due to 
Gabrielov [8] and proved in e.g. [6]. 

Lemma 3.4. [HI Lemma 6.1] Let T{x,u) E {C[[x,u]]Y, x eC^, u E C'with T{0) = 0. Assume 
that T(x, u) satisfies an identity in the ring C[[x, u, y]], y E of the form 

(p{T{x,u);x,u,y) = 

where (p E C[[W,x,u,y]] with W E O'. Assume, furthermore, that for any multiindex (3 E N'', 
the formal power series -g-^ (W; x, u, y) is convergent. Then, for any given positive integer 

I y J y=x 

k, there exists an r-uple of convergent power series T^{x,u) such that (f{T'^{x,u);x,y,u) = in 
C[[x,u,y]] and such T^[x,u) agrees up to order k at with T{x,u). 

Proposition 3.5. Let J{x) E (C{x})^ x G C\ A;,r > 1 J^(0) = and V{t) E C[[t]], t E C. // 
V o J is convergent and the generic rank of J is r, then V is convergent. 
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We will also need the definition and properties of the Segre set mappings for the hypersurface 
M, only the three first for this section: 

(3.13) vi: 2 G (C",0) ^^ (2,0), 

V2: (z,Oe(C2",0)H^(z,Q(z,e,0)), 

V, : (z, e, e (c^", 0) ^ {z, Q{z, e, c, o))). 

The minimality condition of M in Theorem 13.11 allows us to say that the generic rank of f 2 (and 
fs) is n + 1. 

Proof of Theorem \3. li By setting r = Q{x: Q{z, C,, 0)) in (12.51) and using (12.21) . we obtain 

(3.14) Q' {F o V2iz, 0,Ho v,{x, z, 0) = G o v^iz, 
This means that TZ satisfy the following equation 

(3.15) n{F o V2{z, OMX, 0)-Go V2{z, = 0. 

We want to apply Lemma 13.41 to the equation (I3.15P with x = u = z, y = Xi '^(^? '^) = 
H ov2{x,0^W = (A, /i) e C" X C and 

yu); ^, z, x) = ^(A, W3(X, 0) - Z^- 

For this, we have to verify the convergence of all the derivatives of (p with respect to x evaluated in 
X = ^. But, those derivatives involve only derivatives of ^3 which are convergent and expressions 
of the form ^^^^(A, V3(x, 2;, 0)lx=5- As, from the mapping identity (ES]), V3{i,z,C) = wi(0 = 
(^, 0), Proposition 13.21 allows us to apply Lemma [3^ Thus, for any positive integer k there exists 
"^^{z, = {'^'^{z,C,), T^{z,^)) convergent power series agreeing up to order at with Hov2{z,^) 
and such that 

n{T'\z,o,v3{x,z,o)^'r:{z,o 

To show that TZ is convergent it suffices, using Proposition 13.51 to show that, for k well chosen, 
the map {z, X) ^ ^ (^'''{z,^),vs{Xy -2, ^ (j^2n.+i -g generic rank 2n + 1. 
From the two following facts: 

(1) {z, X, ^ ^ (^2(2;, O5 ^3(X) z, ^)) G is of generic rank 2n + 1 since M is minimal, 

(2) (2;, w,x, t) E M. ^ {F{z,w),x,'t) is of generic rank 2n + 1 because F is of generic full 
rank n; 

we deduce that {z,x,0 ^ {^{'V2{z,^)),V3{X: z,^)) is of generic rank 2n + 1 in (C[[2;, x, ^j])^""*"^. 
But T^{z,C,) agrees up to order k with H o v2{z,C,), so for k large enough the generic rank of 

^T''^(z, ^), ■U3(x, -2, 0) is 2n + 1. This completes the proof of Theorem 13.11 □ 

4. The case of generic manifolds of arbitrary codimension 

The aim of this section is to show Theorem II. 1[ The arguments used to obtain this result are 
inspired by an analogous result in the finite jet determination problem that can be found in [TO] . 
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4.1. A convergence lemma. In this paragraph, we will state and prove a lemma inspired from 

m- 

Lemma 4.1. Let P{x, Y) G (C{x, Y})^ with a; G C"S F G C^, ^o{x, t) G {C[[x, t]])^ , (^(0) = 0, 
with t E such that 

dP 

det — {x,^o{x,t))^0. 



Assume that for every (3 G N'^ — 



dtp 



P{x,(pQ{x,t)) is a convergent power series, then for every 



/? G N'^ ^^qIp° (x, 0) is a convergent power series too. 

To prove this result we need the following proposition from [TOj . 

Proposition 4.2. ^ Proposition 3.1], Let P{x,Y) G {C[[x,Y]])^ with x G C"S Y G C^, 
!fo{x,t) G {C[[x,t]])^, i^o{0) = 0, with t G such that 



(4.1) 

Let ao G (3o G such that 



dP 

det — (x,¥?o(a;,t))^0. 



(4.2) 



d\ao\+\0o\ 



dx°'odtf^o 



dP 

det — (x,¥?o(a;,t)) ^ 0. 

t=0 



Then, for any power series y^{x,t) satisfying 

(1) for every (a,/3) G N"^ x mi/i |a| < |ao| and < |/5o|.- (0) = ^g;^ (0), 

P{x,M^,t)), for \P\ < \Po\ + k, 



(2) for some k G'N we have ^ 



P{x,^{x,t))=l^ 



t=0 



we have that, for every /3 G N'' with \P\ < k 
(4.3) 



Proof of Lemma^Ji For fixed /5 G N"', we note P/3(x) := |^ P(x, v2o(a;, ^)) G (^{x})^. From 



i=0 



the chain rule, there exists a universal matrix with polynomial coefficients yA^^p |^(A^)-^^|^|^ 
where (A/.)i<i/.|<|/3| G C^'' and = {n + <i)Card{/x G N"', 1 < < satisfying: 

(4.4) Pf^ix) 



w\<m 



kl<l/3| 

We define convergent power series by setting 



^t^' 



i<ImI<I/3|. 



(4.5) 



IH<I/3| 
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and 

(4.6) i?;3((A^)o<|^l<l/3|,x 
Now we fix L G N and we consider 
(4-7) i?((A^)o<l^l<^,a;] 
By definition of i?, it is a convergent power series and it satisfies 



/i/3((A^)o<|^l<l/3|,a;) - 
((i?/3(Ao<|H<|/3|),a;)) 



Pb(x). 



0<\B\<L 



(4.8) 



R 



(x,0) 



,x\ =0. 



0<\fj.\<L 

So, by Artin's approximation theorem jl], for any positive integer K, there exist a convergent 

e (C{x})^^ where Nl = {n + rf)Card{/i G N"', < L}, which agrees 



mappmg [ip'^^{x 



up to order K with ^ 
(4.9) 



0<|^|<L 



^^ix,0) 



0<M<L 



at and such that 



,x 



0<|/i|<L 



We define the following convergent power series ip{x,t) := ^ 



that, for any /i G N"' with < L, ^^^{x,0) = Lp^^{x). Thus, we obtain that, for any (a,/i) G 
X N'^ with |a| < K and < L, 



t'^. By definition we have 



(4.10) 

So, from gH), i? 
(4.11) 



(0) 



(0). 



^^x,0) 



9tM ^ 



= 0, which is equivalent to 



X 



0<|/i|<L 

P(x,(^(x,t)) =P^(x) 



P{x,ipo{x,t)), 



t=0 



t=0 

for any (3 eN^ with |/?| < L. 

Now, we want to apply Proposition 14.21 by making a good choice of K and L. If ao and /3o are 
like in Proposition 14.21 (this is possible because of det|^ (a^, V^o i^^i)) ^0), we take K = \ao\ and 
L = \Po\ + k for any fixed given A; > 0. From f l4.10p and (14. lip , the formal mappings ipo and if 
satisfy the hypothesis of Proposition 14.21 so that we have that, for any /9 G N*^ with \f3\ < k, 



(4.12) 

As is a convergent power series 



of k, so the proof of Lemma [4. II is complete. 



dtf^ 

X, 0) is convergent for |/3| < k. This is true for any choice 

□ 
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4.2. Proof of Theorem II. IL Let us recall the setting of Theorem I l.li We let (M, p) and {M',p') 
be two germs of real-analytic generic manifolds of codimension d > 1 in C""'"'^ with M minimal at 
p and M' holomorphically nondegenerate at p'. We consider H : {C^^'^,p) {C"'^'^,p') a formal 
mapping which sends M into M' with Jacif^O. We use the notation of Section [2] and work in 
normal coordinates. 

To obtain the convergence of H, we will establish its convergence along the Segre sets (see [3l 
Chapter X]). The following result provides the convergence along the first Segre set. 

Proposition 4.3. Under the assumptions of Theorem 11.11 and with the above notation, for any 
(3 G N'^, ^Q^f {z, 0) is convergent. 

Proof. Since M' is holomorphically nondegenerate, using Stanton's criterion (see [TB] or [21 §11.3]), 

—Q-T^ix'} t') I ^0. 
/ k,i 

Let P(x'; t') = {P^ix'j t')) • • • ) P"'~^'^{x'^ ''"')) t>e the convergent power series mapping defined by 



Q'lUx',r'), ioTl<k<n, 
Qoix', r'), foin + l<k<n + d. 



Since ^(x', ^0 = Id and ^{x', t') = 0, we have 
Hx\r) :=det-^(x',r') = 



det(^(x',r')) #0. 



dx'i 



k,l 



Since H is of generic full rank, X{H{x, t))^0. Moreover, thanks to Lemma [2l3l P{H{xi t)) 

T = 

is convergent for any (3 G N'^. It follows from Lemma [4. II that, for any (3 G N'^, 
convergent which is equivalent to ^^^^ {z, 0) convergent. 

The convergence of if along the Segre sets of higher order will be proved using the Segre set 
mappings (see |3[ §10.4]). 

For j G N*, we define the convergent power series Uj : (C"-' x C^, 0) —>■ {C^, 0) by induction on 
j as follows: 



r=0 



H{x,'r) is 
□ 



(4.13) 



Ui {z^;t) :=t. 



(4.14) 



{z\ x\ z\ x', • • • , X'\ t) := U2J-1 {z\ x\ z\ x\ ■ ■ ■ . Q {z\ x' . t)) 



(4.15) {z\ x\ z\ x\.... z\ x\ z^^'- 1) := U^, {z\ x\ z\ x\ ■ ■ ■ . z\ x'\ Q (x^ z^^\t)) , 

where z^,x^ e C" and t G C^. Let Vj : (C"^' x C^, 0) ^ (C" x C^, 0) be the convergent power 
series mapping defined by 

(4.16) V, {z\ x\ z\ x\----A := {z\ U, [z\ x\ z\ x\---\t))- 
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From the mapping identity (12.21) we deduce, for any j > 1, 

(4.17) {z, Q {z\ x\ f/j+i {x\ z\ x\z\... ■£)))= V,{z\ x\ z\...-t). 

By setting r = lJj+\ (x^? -Z"*^? X^; -2^^; • • • j ^) iii (12. 5p and using (I4.17p . we obtain the following power 
series identity, for any j > 1, 

(4.18) Q' {F{y,{z\ x\ z\...- 1)), HiV,+,ix\ z\ x\ z\...-t)))= G{y,{z\ x\ z\...- 1)) . 
We will prove the following convergence result: 

Proposition 4.4. Under the assumptions of Theorem \l.l\ and in the above setting, we have that, 
for every j3 G N'^ and every integer j > 1 

H o Vj{x\ z\ x^ 2^ • • • ; t)j converges. 



dtf^ 



We first need the following result whose proof is inspired from |10j . 

Lemma 4.5. Let h{Z) be a power series with Z = {z, w) G C" x and j > 1 a fixed integer. If 
for every P eN'^ 

h oVj{z ,x , ■ ■ - 'jt)] converges, 



dtP 



i=0 



then for every 7 G N"^'^ and every P G N'^, |^ ^ (^^) ^^jiz^^X^^ ■ ■ -i ^) j converges. 

Proof. We prove this lemma by induction on |7|. The case 7 = comes from the hypothesis. Now 
assume the result for any 7 G I7I = I and (3 G N'^, we show the analogous conclusion for 

7' G N"+^ |7'| = / + 1 and any /5 G N"'. We denote 



(4.19) 



The induction hypothesis implies that 
spect to t, we obtain 



t=o 



Vjj {z\x\---;t). 

Rl^ are convergent. Differentiating (14.191) with re- 



(4.20) 



dRl 



dt 



\z\x\---;t) 



(9l'^l+^/? \ dU- 



Since ^(0) = Id, we have ^(0) = Id- And, multiplying (14.201) . by the classical adjoint matrix 
of ^^{z^, x^, • • • ; ^), i-e. the transpose of the cofactor matrix denoted by adj ^^(z^, x^, • • • ; ^) 
we obtain 



(4.21) 



al7i+l/i 

dZ^dw 



v,\iz\x\---;t) 



^(zi,x\...;t)-adj ('-^f^' -1 



at 



dt 



[z\X 



deA{z^,X^,---;t) 



a\0\ 

Now, if we apply ^ 



t=o 



to the previous identity we get that 



oV,j {z\x\---;t) 

is a ratio of two convergent power series whose denominator does not vanish at 0. Therefore 



ai/3i 



t=o 



dz-ydw 
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t=0 



Vj \ (2; , X , . . . ; t) is convergent. To obtain the other derivatives, we differentiate 



(4.22) 

dZ^dz 



.1 ,,1 



All the derivatives of 





we get 


•) • • • 




am 


dRi, 


a*? 


t=0 " 



dZWw 



1 1 



y{z^, X^j ■ ■ - 'it) are convergent. Indeed 



RUz\x\---;t) i 



IS 



convergent by hypothesis, thus ^ Riyi^^y X^y • • • j is convergent too. This implies that 

• • • ; is convergent. 

o Vj- 1 {z^, ■ ■ - 'it) is convergent by the previously 



t=o 



a\0\ 



t=o 



dZ'idw ' J 



Thus, using the fact that 

estabhshed result, we obtain the convergence of 
the proof of Lemma 14.51 is complete. 



am 



(IS^T ° ^i) X\ • • • ; Consequently, 



To prove Proposition 14.41 we will also need the following mapping identity result whose proof 
can be found in [lOj . 

Lemma 4.6. [101 Proposition 6.4] In the above situation and for j > 1 a fixed integer, as Jacif^O 
we may choose 7-^ G N"' such that 



(4.23) 



dt^' 



t=0 



detN A {F{z\Qiz\x\r)))^ 



0, for \6'\ < |7^'| 



(4.24) 



dt^' 



det 



t=o 



d 



dz 



j{F{z\Q{z\x\t))) 



^0, 



and, so that for every positive integer k, we have 



(4.25) 



1 gki-y^ 



det 



i=0 



7^! dt^' 



det 



(92; 
d 



dz 



-{F{z\Q{z\x\r))) 
-{F{z\Q{z\x\r))) 



--Uj+i{x\z\x^-;t), 



Then, for any a e N" and f3 e N'^ with \a\ + \(3\ > there is a universal polynomial of its 
arguments T^^^^^j such that the following holds: for any j > I and every r & {1, . . . ,r} , we have 
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the mapping identity 
(4.26) 



dtf^ 



T, 



Q'l,. {F o Vj{z\ x\z\...-0),Ho V,+,{x\ z\ x\---\ t)) 



t=o 



t=0 



'l + l'5|<(l"l + l/3|)(2|7^>l)-|7^'l. 



1 ai^^ 



2(H + |/3|)-1 



Proof of Proposition \AA[ We prove this proposition by induction on j. For j = 1, the result comes 
from Proposition 14.31 We assume the proposition is true for fixed j and we prove it for j + 1. To 
do this we need the following lemma: 

Lemma 4.7. For any /3 G N"^, a G N" anc? r e {1, . . . , d}, 

dm 



dtP 



Q'l„. {F o Vj{z\ x^ ^^ . . . ; 0), o V,+i(x\ x^ • • • ; t)) IS convergent. 



t=o 



Proof. We begin by the case |a| = = 0. By setting t = in (14.181) . we obtain 

Q' {F o V,{z\ x\ z',...;0)),Ho Vj+,{x\ z\ x', • • • ; 0)) = G o Vj{z\ x\ z\...- 0)). 

The left hand side of the previous equation is exactly the expression whose convergence has to be 
proven and the right hand side is convergent by the induction hypothesis. 
For the case |a| + \(3\ > 0, from Lemma [4.61 we have that 



dtP 



Q'\,. [F o V,{z\ x\ z',...-0),Ho V,+^{x\ z\x\...; t)) 



t=o 



T 



^/3:7 I 1 dtS 



i=0 



i^H^^\z\Q{z\x\r)) 



U,+i{x\z\x\- J |^| + [5|<(|„| + |/3|)(2|^|+l)-|- 



7! an 



2(l«l + l/9|)-l 



^ det ( {F{z\ Q{z\ x\ r)))) l=u,,,^,.^,x^,...^ , 

This is a ratio of two convergent power series. Indeed, the numerator is polynomial in the deriva- 
tives of Q which are convergent and expressions of the form 

dt^ 



f)\v\ + \tJ-\ff 

{z\Q{z\x\UMx\z\x\...:t)) 



dz'^dw^^ 



i.e. using (14.171) . of the form 



dt^ 



VA{z\x\z\...-t) 



which are also convergent thanks to the induction hypothesis and Lemma 14.51 



□ 
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We come back to the proof of Proposition I4.4[ As in the proof of Proposition 14.31 from the 
holomorphic nondegeneracy assumption on M', we may choose a* G N" and 1 < < d for 
i E {I, . . . ,n} such that 



(4.27) 



We define a power series mapping Pj+i : (C^-'"*'^-'" x C'"'^'^, 0) (C"^'^, 0) in the following way: 



2 



, ^ , . . . , 



Q'XF(\/,(^^x^^^...;0)),r) 



Q'\F{V,{z\x',z^ 



\ Q'\F{V,{z\x',z\...;0)),Y) J 

By the induction hypothesis, Pj+i is a convergent power series mapping. Moreover, we observe 
that 



(4.28) 



det^ {x\ z\x\...;Ho V,^,{x\ z\x\...; t)) ^0. 



Indeed, if we set, in f l4.28p . = for Z > 1 and = for / > 2, we obtain, since Vj+i(x^, 0, . . . ; t) 

dQ' 
dx' 

(4.29) 



{X\ t), f;(0, x', r') = and ^{0, x\ r') = 



det 



dPi 



dY 



(x\0,...;^(x\t)) =det 



which is not identically zero in view of fl4.27p and the fact that H is generically of full rank. 



On the other hand, for any /3 G N' 



t=o 



Pj+i {x\ z\x',---;Ho Vj+,ix\ z\x^---; t)) i 



convergent thanks to Lemma [4.71 So, from Lemma [4. II we obtain the desired result. 



IS 



□ 



We can now complete the proof of Theorem II. 1[ 



Proof of Theorem 11.11 We use the previous setting and notation. From Proposition 14. 4[ we have 
that for any j > 1, H o Vj{x^,z^,x'^j ■ ■ - 'i^) is convergent. Moreover, we known (see [3l §10.4, 
§10.5]) that there exists {pk)k a sequence which converges to and such that, for j = 2{d + 1), the 
rank of ^(xS z^, • • • ; 0) at any pk is n + d and Vj{pk, 0) = 0. So V"2(d+i)(x\ z^, x^; • • • ; 0) has 
a convergent right inverse in a neighborhood of a suitable pk close enough to which proves the 
convergence of if. □ 
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4.3. Proof of Theorem 11.21 To prove Theorem 11.21 we need the following lemma. 

Lemma 4.8. Let {M,p) and {M',p') be two germs of real- analytic hypersurfaces in C"^"*^. If M is 
holomorphically nondegenerate at p and if M' does not contain any holomorphic curve through p' 
then any holomorphic formal mapping sending {M,p) into {M',p') is either constant or generically 
of full rank. 

Proof. The proof of Proposition 7.1 in [1] contains the following fact: Let M and M' be formal 
real hypersurfaces through points p and p' respectively and H : (C"+^,p) (C"+^,p') be a formal 
holomorphic mapping sending M into M', with M holomorphically nondegenerate at p and M' 
not containing any nontrivial formal holomorphic curve; if furthermore M and M' are given in 
normal coordinates and if if = {F, G), then G = implies H = 0. 

Moreover, in [11] the authors proved, without any assumption on M', that every formal holo- 
morphic map H : {C^~^^,p) (C""^^,p') sending M into M' which is transversally nonflat (i.e. 
satisfies in normal coordinates G^O) satisfies Jacif^O. 

So, to prove the lemma it suffices to apply the two previous results noticing that if M' is a 
real-analytic hypersurface that does not contain any holomorphic curve through p' then it does 
not contain a formal holomorphic one through the same point (see [13]). □ 

Proof of Theorem 11.21 The theorem is obtained by combining Lemma 14.81 and Theorem II. 1[ □ 



Proof of Theorem 11.31 This proof is inspired by the proof of Lemma 14.2 in [S] . We use the notation 
of Section[3]and in particular normal coordinates. From Theorem l3.1l we know that TZ is convergent, 
thus using the Taylor expansion of Q', for any a G N", Q'^{H{x^t)) = ra{Xy'^) converges. For 
fixed /c G N, by Artin's approximation theorem [1] there exists : (C" x C, 0) — > (C" x C, 0) 
a holomorphic convergent power series mapping which agrees up with H up to order at and 
such that Q' ^{H'' ix^ t)) = rQ,(x, r), for any a G N*^. Consequently, we have the following power 
series identity, 



To show that, for every G N, H'' sends a neighborhood of in M into a neighborhood of in 
M', we consider 



The convergent power series p' is of rank 1 in a neighbourhood of and p'{z', w', x', t') = implies 
p'{z', w', x', t') = thanks to the mapping identity (12.21) . So, there exists u G C[[z', w', x', t']] such 
that. 



5. Proof of the Artinian Theorem 



(5.1) 



Q'iz',H{x,T))=Q'{z',H''ix,r)). 




(5.4) 



p{z ,w ,x,^) = u{z ,w ,x,^ )-p{z , w , X , r ). 
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We have, thanks to (15. ip . 

(5.5) p' {z', w', Hix, r)) = p' {z\ w', H\x, r)) , 

and sends M into M' if and only if Q' {F^{z, Q{z, x, r)) , H''{x, ^)) = {z, Q{z, x, r)) i.e. 
p' {H\z, Q{z, X, r)), H\x. r)) = 0. But, 

p'{H''{z,Q{z,x,r)),H^{x,r)) = p' {H''{z,Q{z,x,t)), H{x,r)) from m 

= u {H\z, Q{z, X, r)), E{x, r)) .p' (E\z, Q{z, x, r)), r) 



= w Q(z, X, r)), iy(x, r)) .p' {R{x. r), Q(^, X, r)) 

But, we have the identity p' (^H{Xj't)j H^{z,Q{z,x,t))) = 0; Indeed, we recall that, since H 
sends M into M', 

g' {F{z, Q{z, X, r)), iy(x, r)) = G{z, Q{z, x, r)). 
So, applying Q' (-F (x, t) ,F{z,Q {z, x, t)) , •) to each side of the previous identity we obtain 

Q' (F (x, r) ,F{z,Q (z, x, r)) , Q' {F (z, Q {z, x, r)) , H (x, r))) 
= Q' {F (x, r) , F (^, Q (^, x, r)) ,G{z,Q {z, x, r))) . 

Thus, using the mapping identity (12. 2p . we have 

(5.6) ^(x, r) = Q' {Fix, r), H{z, Q{z, x, r))) 

i.e. p' {Hix,r),H{z,Q{z,x,r))) = 0. Therefore p' {H{x,r),H\z,Q{z,x,r))) = and the proof 
of Theorem 11.31 is complete. □ 
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